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This pajnph let is essentially the major portion of 
Chapter 5 of the SMSG text, Elementary Punctions , A 
fev minor changes have been cjade for clarity and to make 
the nsaterial self contained. 

It is intended for use as a supplement to a stan- 
dard trigoncoetry text that emphasises the solution of 
triangles or as a unit in a course on elementary func- 
tions. 

No previous knovledge of trigonometry is assumed 
but a background of a course in plane geometrj^ and two 
years of algebra are prerequisites for the study of this 
material. In addition it is assumed that the student is 
familial- with the concept of a l\inction as presented, for 
example, in the SMSG pamphlet on functions or in the SMSG 
text. Elementary Functions , 
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CIRCULAR RJNCTIONS 

^* Circular Motions yji Beriodicity* 

Introduction a Prom your earliest years you have been avare of motion and 
of change in the world around you. TIiq rolling of a nm-ble along a cracK in 
tiie sidewalk, the flight of a ball tossed by a boy at play, the irregular rise 
and fall of a piece of paper fluttering in the breeze, the zig-zag course of a 
fish svismiing erratically in a tank of water are a few of the varied patterns 
of aovejnent you can observe. Very often, however, the motions you see have a 
quality not shared by the few Just mentioned. The succession of day and night, 
tlie changing of the seasons, the rise and fal] of the tides, the circulation of 
blood through your heart, the passage of the second hand on your watch over the 
6 o*clock murk are patterns each having the characteristic quality that the 
motion involved repeats itself over and over at a regular interval. The meas- 
ure of this interval is called the period of the motion, while the motion it- 
self is called periodic . 

The simplest periodic motion is that of a wheel rotating on its axle. 
Each complete turn of the wheel brings it back to the position it held at the 
beginning. Al^er a point of the wheel traverses a certain distance in its path 
about the axle, it returns to its initial position and retraces its course 
again. The distance traversed by the point in a complete cycle of its motion 
is a^ain a period, a period measured in units of length instead of units of 
time. If it should happen that equal lengths are traversed in equal times, the 
motion becomes periodic in time as well and the wheel can be used as a clock. ^ 

The mathematical analysis of periodic phenomena is a vast and growing 
field, yet even in the most I'ar-flung applications of the subject, such phenom- 
erxa are analyiied esi:entially in teinns of the simple periodicity of the path of 
a ix>int describing a circle. In the treatment of the most intricate of perio- 
dicities], wheel motions always, lie under the surface, /ui extended development 
of the tlieory of periodic ];heriOmena is far beyond the scope oi* this pamphlet, 
but the study of thv fundamental circular j^eriodicities i'^ certainly within 
our reucli . 

Circu lar i^btionr, . lot ur; ronr-tder firt^t the niath.cmat ical aspects of the 

motion of a point I on a circle. For convenience we ta^ie tlio c-ii-cle 

♦I'he concept of time itiself is inextricably tied up with tliat of clock, a 
periodic device which measures off the intervals. It would r,eem then that 
periodicity lies at the deepest roots uf our understanding or the natural uni- 
verse. How one decides that a repetitive event recurs at e.:ua! interval;: of 
time and can therefore Ic considered a clock is a profound and difficult j-rnl- 
lem in the pbilo^'-ophy of ]>hysici.' and doen not concern u.^ hero, ( L'eo ]^);yr,ic^ » 
Vol. 1, pp. :^-17, Ihysical Science Ctudy Conimittee, Cainlrid^fe, :-kij':;a':}iUMt>ttu, 
W{ . ) 
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u 4^ V - 1, which has its center at the origin of the uv-plane, radius 1 and 
consequently circumference at# Nov ve consider a iDOVing point P vhich 
«tarta at the point (l,o) on the u»axis and proceeds in a counterclockwise 
direction around the circle • Ve c^n locate P exactl;y^ by knowing the distance 

X which it has traveled along the circle from (l^O), The distance x is the 

2 2 

length of an arc of the circle. Since every point on the circle u v = 1 
has associated with it an ordered pair of real numbers (u,v) as coordinates, 
ve may say that the motion of the point P defines a function* p, Witli each 
non-negative arc length x, we associate an ordered pair of real numbers (u,v), 
the coordinates of P (Figure l), that is, 

p: X (u,v) . 




yigure 1. The function p# 

However, it is inconvenient to work with a l\inction whose range is a set 
of ordered pairs rather -chan single numbers. Ve shall instead define two 
functions as follows: 

cos: x-^u, where u is the first component of p(x); 
sint x-^v, where v is the second "component of p(x). 

1^0 terms roc. and sin arc? abbreviations for cosine and sine. It is 
customary to omit parentheses in writing cos(x) and sin(x) and write simply 

*See, for example, the GM£;G j-jamphlet. Functions > 
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COS X and sin x. For instance, 



p(0) - (1,0) 
p(|) - (0,1) 
p(«) - (-1,0) 
p(f ) - ? 



COS 0 « 1^ sin 0 « 0 

COS ^ « 0, sin 2 * ^ 
cos :t « -1| sin n • 0 
cos ^ * sin * ? 



(You should supply the proper syahois in place of the question marks.) JVom 
their mode of definition, the sine and cosine are called circular functions . 
Oiese circular functions are relate! to but not identical vith the familiar 
functions of anglefli studied in eleiaentary trigonometry. We shall discuss the 
difference in Section 3, hut we should notice now that when ve vrite sir )l. 
the 2 represents the real nmnher 2 v^ich can be thought of as the measure 
of the length of a circular arc and not 2 degrees. 

Periodicity , Prom the definition of p, it follows that p{x) p(x 23t) 
and consequently, cos x =^ cos (x + ar) and sin x = sin (x + St), Jlinctions 
vhich have this property of repeating themselves at equal intervals are said 
to l)e periodic > More generally, the function f is said to be periodic with 
period a^ a ?^ 0, if, for all x in the dcxnain of f, x a is also in the 
domain and 

f(x) - f(x + a), (l) 

We usually consider the period of such a function as the smallest positive 
value of a for which (l) is true. The smallest positive period is sometimes 
called the ^^I^damental period. From this definition we note that each succes- 
sive addition or subtraction of a brings us back to f(x) again. Ve may 
show this by first considering f(x + 2a) where a > 0, Ve have 

fix 4 2a) - f ((x + a) -I- a) 
^ f(x + a) 
- f(x), 



and rarther 



f(x 3a) - f ((x + 2e) + aj 
^ f(x + 2a) 
= l'(x). 



In general, we have 



f(x + na) ^ f(x) where n = 1, k", 

To show thet this holdu for negative n, we note that 

fix - a) - f([x - aj a) 
- f(x), 
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fix - 2a) » f ((x ^ 2a) + a) ' 

- f(x * a) 

- f(x). 

In general 

f(x na) « f(x) v^ere n = -1, -2, -3, • 

We aay express these tvo ideats by 

f(x + na) =^ f(x) ^^ere a > 0 and n is any integer. (2) 

In other vords, to determine all values of ve need only Hnov its 
values on the interval 0 < x < a. Thus, suppose the period of f is a » 2 
BO that for all x in the domain of f 

f(x -I- 2) - f(x). 

Then to find f(7.3) ve wite 

f(7.3) ^ f(1.3 + 3X2) 
« f(l.3). 

To find f(-7.3) we vrite 

f(-7o) - f(0.7 - h X 2) 

- f(0.7). 

Nov returning to the unit circle, we observe that the functions cos and 
sin behave in exactly this vay. Vvom any point P on the circle, a further 
movement of 2si unite around the circle (a ^ 2?: in Equation (2)^' will return 
us to P a^ain* Thus the circular functions are periodic with period 2si, 
and consequently 

cos (x 2x^) = cos X 
sin (x 2nn) » sin x 

where n i;: an^' integer. To give meaning to these formulas for negative 
ve interpret any clockwise movement on the circle as negative. 

Do now if we can , determine values of cos and sin for 0 < x < 2rt, ve 
shall liave determined their values for all real x. 

Exercises 1. 

1. .Give five examples of periodic motion, and specify an approximate period 
for each, (For instance, the rotation of the earth about' its own axis is 
periodic with period 2^^^ hours*) 
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2. If p(x + 2nK) ■ p(x)| esqpress each of the folloving as pCb), where 
0 < b < SK. (For BX«ji?rle, 

p(f ) . p(| + ar) . p(|). 

(a) p(-|) (c) p(-«^) 

(b) pfSn) (d) p(i^076n) 

3. Give the coordinates of p(x} for each part of Exercise 2 above. 

Given that p has the period 2n, find two values of x where 
0 < X < kn, such Uiat 

(a) p(.|) « p(x)j (c) p{l2ix) ^ p(x); 

(b) p{l3:t) = p(x); (d) p(^3t) - p(x). 

5. For what values of x, where 0 < x < ar, do the following relationo hold? 
(a) COG X = sin x (t) cos x ^ -sin x 

Hint: Use the fact that (cos sin x) reprt?sents a point on the unit 
circle. 

♦6. We know that the functions represented by cos.x and sin x have period 
2rt, Find the period of the $\inctions represented by 

(a) sin 2xj (c) cos 4x; 

(b) sin -^x; (d) cos -^x, 

*7 . I^t f and g be two functions with the came period a. Prove that: 

(a) f g hu- a p'^riod a (not necessarily the fu idajnental period); 

(b) f • g ban a period a. 

Let f be a function with period a. Prove that the composition gf 
also has period a for any^ meaningi\il choice of a. 

*9- Slow that the functions sine and cosine have no positive period less than 
2sx • 



2* Graphs of Sine and Cbslne . 

We wish now to picture the behavior of the two f^anctions 

cos: x u =^ cos x 
sin: X V = sin x 

for ail real values of x. To do this we shall first look at some of the 
geneiral properties of these functions, find some specific values of the func- 
tions at given values of x, and finally construct their graphs. 

We already know that the sine and cosine functions are periodic with 
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period and to ve aay restrict our Attention to values of x vhere 

0 < X < as • Sov by QotlJ^ that u aM v are the coordiiiateii of a point on 

a unit circle, ve have 



2 2 
U V » 1. 



But since u ^ cos x and v * gin we have 

2 2 
cos X + sin X » 1. 



(1) 



(2) 



If we vrlte (2) as 



and as 



2 2 
sin X ■ 1 cos X 



2 2 
cos X « 1 - sin X 



it is apparent that neither sin x nor cos x can exceed 1 in absolute 
value ^ that is 

-1 < sin X < 1 
-1 < cos X < 1. 

Another property of sin and cos derives from the symaetxy of the 
circle vith respect to the u-oxis. Two syniBietric points on the circle are 
obtained by proceeding the distance x in both the clocKvise and the counter- 
clockvise senses olon^^ the circle. Tn other words, if p(x) « (u,v), then 
•p(-x) « (u,-v) (Figure 2). From this we ob^-ain the important symmetric 
properties 



cos (-x) = COfi X 

sin (-x) « -sin x. 



(3) 



4v 









—mj ' 




--^''p{-x).(u.-v) 



Figure 2, Symmetry relations. 
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Since we are xatiaMtteXj-- interested in graphing y - sin x and y - cos x, 
ve have o&nc^ed bo narrow our attention to a rectangle of length ar and of 
altitude 2 in the xy-plane» ma in Figure 3. 



1 


' y 
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X 










Figure 3. Rectangle to include one cycle of sin or cos. 





If we can picture the graph of the functions in the interv-al 0 < x < at, the 
periodicity properties of cos and sin will permit us to extend the graph as 
far as we like by placing the rectangles end to end along the x-axis as in 
Figure k. 
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y 








1 1 
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Zn 




X 











Figure h. Rectangles of periodicity. 

Ve therefore direct our &ttentior'. to values of x such that 0 < x < 2jt. 
To begin with, the unit circle in the uv-plane is divided into four equal arcs 
by the axes; each arc is of length |, and the division points correspond to 
lengths of x = 0, |, n, vith central angles of 0^, 90^, l80°, and 270°^ 
respectively. The corresponding points on the circle will be (l,0)^ (0,l)^ 
(-1,0), and (0,-1), as in Hgurs 5. 



♦Since ve shall have occasion to refer to tvo coordinate planes for point i 
(u,v) and {x,y), ve vish to point out the distinction between then. The uv- 
plane contains the unit circle vith ^^ich ve are dealing. This is the circle 
onto vhich the function p maps the real number x as an arc length. The xy- 
plane is the plane in vhich ve take the x-axis as the real number line and 
examine not the point ruction p(x) but the functions cos: x y = cos x 
and sin: x-*y « sin x, each of vhich maps the real number x into another 
real number, 
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Figure 5. p(x) for x » 0, |, n, 



sin 


X » V| we have 






cos 


0-1, 


sin 


0 : 


cos 


1-0, 


sin 


3t 

2 ' 


COS 




sin 




COS 




sin 


2 



We next :onsider the aidpoint Of each of the quarter circles in Figure 6. 
These correspond to arc lengths of ^f^f^f ^'^^ "(pj \fith central angles 
45°, 135°, 225°, 315°. 




Figure 6. p(x) for |, 
8 
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If ve drop perpendicular 6 to the u-oxis from these points as in Figure 6, ve 

note that radii to the points form angles of 

.o 



45 with the u-axis. From 
geometry ve know that for a right triangle with hypotenuse 1, the sides 

are of length ~ emd hence that the coordinates of the midpoints of the 



quEurter circles are 



['2' s'—h respec- 



tively^. We may therefore add the folloving to our list of values: 



cos 



COS 



cos 



COS 





sin ^ 


2 


















It "-T 




7n ^ 
T = - 







We can find the coordinates of the trisection points of the quarter circles by 
a similar method. In Figure 7j ve show only two of the triangles, hut the 
procedure is essentially the same in ^ach quadrant. 




Figure 7. p(x) for x = |, j. 



From the properties of the 30^-60° right triangle, we note that 



1 

have coordinates , ^ and 

coordinates of all of these points of trisection as in Figure 8, from which 
ve can find eight new values for cos euid sin. Collecting in one table all 
of the values which we have so faj- detemined, we have Table 1. 



and 



(•| ,^), respectively. Ve may fill in the 
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Values for cos and sin for one period. 



cos X 



sin X 



3C 

z 



St 



I 

« 

2 

2k 
3 



3 
2 
3 

7s 
T 

iijt 
"5" 

at 



.87 



» .71 



1 
2 



1 

'2 



-1 



= -.71 



■.87 



..87 



» -.71 



2 



1 
2 



1 
2 

£1 
2 

2 



.71 
.87 



1 

2 



^ 71 

« .71 



:5 

2 
1 

2 

1^ 



.87 



w .87 

« .71 



1 

2 



1 
2 

V2 



v5 • 



■.71 
•.87 



2 



-.87 



» -.71 



1 
'2 
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Vith this table ve are nov in a position to begin graphing sin and cos. 
Because we wish to look at the graph of these functions over the real numbers, 
ve shall use an xy -plane as usual and work with the points (x,y) where 
y « cos X or y = sin x. We shall deal separately with each l\mction, taking 
first y « cos x. Prom Table 1 we can now plot soae points in the rectangle 
in Figure 3, obtaining Figure 9. 









• • 
• • 
• • 




0 


— — • -■■ t • . ^ — 

JL TT STT 27r 

t T 

• • 
• • 

• m 


X 







Figure 9- Values of cos: x cos 



By connecting these points by a smooth curve ve shoulo obtain a reasonable 
picture of the IXinction 

cos: X ^ cos X 

as in Figure? iO. 



y 
















27T 




0 




X 




Figure 10. 


Graph of one cycle of cos. 







If we wish to extend our picture to the right and left, we use the 
periodicity property to obtain Figure 11. 



Figure 11, Graph of cos. 
A similar treatment of y sin x leads to Figures 12, 13, and 1^. 
¥ 




Figure 1^. Valu s of sin x: x ^ ain x. 




Figure 13 • Graph of one cycle of sin. 









— -1- 

ngure 1^^. 

1 


0 

Graph of sin, 

3 
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Since it is often necessary to work with 

y « A cos X 

y » cos Bx {k) 
y - cos (x + C) (A, B, and C constants) 

or scoe coobination of these expressions^ it is worthwhile to inquire into the 
effect tha^. these constants have on the behavior of y. In ca^e of 

y ^ A cos X (A > O), 

the A simply multiplies each ordinate of y * cos x by A, and the graph of 
y « A cos X would appear as in Figure 15* 




Figure 15 . Graph of y » A cos x. 

In Exercises 5, 6, and 7 you are asked to determine for yourself the 
effects of B and C in Equations (4). 



Exercises 2 



!• Using f(x ^ 2nn) = f(x), and f: x-^-cos x, find 
(a) f(3:t); (d) f(^); 



(b) f(^); (e) f(.7«); 

(c) f(f)j (f) f(-i^). 

2. If f: x-»sin fird the values of f in Exercise 1 above. 



Ik 
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3* fbr vb&t values of x (if anj') will 

(a) sin X » cos x7 (c) sin x - ain (-x)? 

(b) sin X * -cos x? (d) cos x cos (-x)? 

4. Graph on the same set of sixes tlie l^mctions f: x-» y derined by the 
foiloving, using Tkble 1 to find values for the l\inctIon£. 

(a) y « 2 cos x (b) y « 3 cos x (c) y = i cos x 

5. Repeat BJxercise h using 

{a} y cos 2x; (b) y === cos 3^J (c) y = cos ^x. 

6. Repeat Exesxise k usin^; 

(a) y ^ cos (x |); (b) y » cos (x - |); (c) y = cos (x ^ n). 

7. From the results of Exercises 4, 5^ and 6 above, vhat effect do you think 
the constant k will have on the graph of 

(a) y = k cos x? (b) y = cos kx? (c) y cos (x ^ k)? 

8. FVom the results of Exercise 6(b) above and Figure Ik, vhat can you say 
about cos (x - ^) and sin x? 

9# As explained in the text, symmetric points with respect to the u-axis on 

2 2 

the unit circle u + v 1 are obtained by proceeding a distance x in 
the clockwise and counterclockwise senses along the circle. In other 
words, if p(x) = (u,v), then p(-x) = (u,-v). If follows that 

cos X = cos ( -x) 
sin X - -sin ( -x) . 

What relations between the circular functions can you derive in simlar 
fashion from the following symmetries of the circle? 

(a) I^e symmetry with respect to the origin. 

(b) The symmetry with respect to Uie v-axis. 



3, An^le and Angle Nfeasure . 

As we remarked in Section 1, the circular functions are closely related 
to the functions of angles studied in elementary trigonometry. In a sense, 
all that we have done is to measure angles in a new way. To see precisely 
what the difference is, let us recall a few fundamentals. 

An angle is defined in geometry as a pair of rays with a common end point. 
(Pig. 1^) Let and be two rt^s originating, at the point 0* Draw any circle 
with 0 as centerj denote its radius by r. The rays R and R,^ meet the 
circle in two points P. and which divide the circle into two parts. 

Here ve consider directed angles and distinguish between the angles defined by 

er|c 2 J 



.- ^ 

tlie p«ir fi^, according to their order. Specifically, w set a - 4(E^,R^) 

aad Q = 4-(^2' vhere each angle includes the arc of the circle vhich is 

obtained ty passing cowiterclockvise along the circle from the first ray of the 
pair to the second (Figure l6)» 




Figure l6, Arigles a and 3. 

In establishing degree measure^ ve divide a cii^^le into 36O equal units 

and measure an angle a by the number of units of arc it includes. For 

instance, if ve found that an angle included ^ circumference, ve 

would say that the angle meaeiired ^ X 360° or 120^. In general, if we 

divide the circumference of a circle into k equal parts, each of length "-t:^^ 

then this length .could be our unit of angle measure. Since the numerical fac- 

or ~ appears in many important formulas, it is useful to choose k so that 

the factor is 1, In order to do this, it is clear that k must equal 2ir. 
^r 

In this case, --7- will be equal to r, the radius of the circle. When 

K 2it ve call the resulting unit of angle measure a radian. Radian measure 

is related to degree measure by 

1 radian = = (~) (l) 



and 

. o 

iBo 



1° = radians. (2) 



You should note that this definition of the radian measure of an angle 
implies that an angle of 1 radian intercepts an arc of length s equal to 
r, the radius of the circle. In general^ an angle of x radians intercepts an 
arc of length xr. I^at is, s » xr vhere x is the measure of the central 
ai3gle in radians while s and r are the lengths of the arc and the radius 
measured in the same linear units. 

In vorking with radian measure, it is customary simply to give the meas- 
ure of an angle a as, say, ^, rather than ^ radians. If ve use degree 
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meaksure, however, the degi^e symbol will aivaj^s be written, as, for example, 
90^, 45^, etc. 

It is also possible to measure an angle a by the area A of the sector 
it includes (Figure I6). Specifically, ve have that the area A i^^ the same 
fraction of ti^e area of the interior of the circle as the arc c is of the 
circumference, that is, 

3tr 

We s&v above that the arc length s on a circle included by an angle a tmy 
be expressed as s - xi^ where r is the radius of the circle and x Ig the 
radian measiire of a. It follown frois (3) that 

A j_ 

2 ^ at 

nr 

or 

r*" 

That is, the measure x of a in radians is twice the area of the included 
sector divided by the square of the radius . 

Exerciges ^ 

1. Chiange the follovin^^ radian measure to degree measure. 

(a) f (d) f (S) ^ 

j o ^ 

(b) I (c) at (h) ^ 

(c) -f (D f (i) 4^ 
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2. Cliarige the following degree meacurc to radian nieasure. 

(a) 270^ id) ktid" (g) 810^ 

(b) -30^ (e) iy5° (b) 190^ 

(c) 135^' (r) -105'' (i) 

3. What ij the measure (in rudianr.) of an un^lc which foimj a sector oX' area 
93t if the radius of the circle is 3 units? 

4. What is the area of the tsector formed by an angle ul' i^^)^} if the rudiuii 
of the circle ic 2 units? 

5. Suppose that ve wish to find a unit of measure so that a quarter of a 
circle will contain 100 ijuch units. 

(a) How man:^' such units will be equivalent to 1^7 

(b) How mariy such units will be equivalent to 1 radian? 

(c) How many of thei^e units will a central an^le euiaair;, if the Inclu- 
ded arc If. ef]nal in length to the diameter or thv circle? 

IT 

« 2r 



km Unifons ClrculK* ttotlon , 

I^t UA agiLia consider the Motion of & point P around m circle of radius 
r in the uv^plauae, and suppose that P nioves at the constant speed of s 
units per second. Let pQ(r,o) represent the initial position of P. After 
one second^ P viil be at P^, an arc-distance s away from P^. After two 
second^ P will be at P^, an arc-distance 2s free P^, emd slmilariy after 
t seconds P will be at arc-distance ts. (Figure 17 •) 




Figure 17. Uniform motion of P on circle 0. 

Clearly, ZPqOP^ ^ ^i°^2 " ^ ^2^^3 * likewise for each additional 

second, since these central angles have equal arcs, each of length s. Each of 
these central angles may be written as cu « After 2 seconds, OP will 
have rotated through an angle into position OP^j after 3 seconds through 

an angle 3a); and, in general^ after t seconds through an angle of ta^ or 
OJt. In other words, after t seconds^ P will have cioved from (r,0) an 
arc-distance st, and OP^ will have rotated free its initial position through 
an angle of oA into the position OP. If we designate the coordinates of P 
l^y (u,v) wc have 

u r cos cut 
V r sin ojt- 

When ojt » ar, P will again be in the position Pq, This motion of the 
point from P^ back into again is called a cycle > The tiae interval 

during wtiich a cycle occurs is called the period ; in this case, the period is 

18 
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— . Ihe Gussber of cycles which occur during a fixed unit of time is called 
the frequency , Since ve refer to the alteriiating current in our homes 
"60*cycle", an abbreviation for "60 cycles per second", this notion of fre- 
quency is not altogether nev to us. 

To visualize the behavior of the point P in a different vay^ consider 
the amotion of the point Q which is the preelection of P on the v-axis,' As 
P moves around the unit circle, Q moves up and down along a fixed diameter 
of the circle, and a pencil attached to Q will trace this diaaeter repeatedly-- 
assuxi;in6 that the paper is fixed in position. If, however, the strip of paper 
is drawn ffom right to lei^ at a constant speed, then the pencil will trace a 
curve, something like Figure l6. 




Figure l8. Wave motion. 

An examination of this figure \nll show why motion of this type is called wave 
motion. We note that the displacement y of Q froni its central position ij 
functioHHlly related to the time t, that is, there is a function f such that 
y a f(t). By suitably locating the origin of the ty-plane, we inay have either 
y « cos at or y «^ sin a?t; thus either of these equations may be looked upon 
as describing a pure wave or, aji it is sojnetijues called, a simple harmonic 
motion . Tlie surface of a body of water displays a wave motion when it is 
disturbed. Another familiar example is furnished by the electromagnetic ^ves 
used in radio, televii:ion, and radar, and modern physicc has even dctectcc 
wave-like behavior of the electrons of the atom. 

One of the most interesting applications of the circular l\;nctionG is to 
the theory'' of sound (acoustics), A sound wave is produced by a rapid alterna- 
tion of presii^ure in i:ome medium. A pure musical tone is produced by any pres- 
sure wave which can be described by a circular i^inction of time, i;ay: 

p A sin ojt (2) 
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where p is the pressure at time t and the constants A and are posi- 
tive • 15015 equation (2) for the acouBtical pressure, ia exactly in the form 
of one of the equations of (l) even though no circular motion is involved; all 
that occurs is the fluctuation of the pressure at a given point of space.* 
Here the numbi^rs A and have direct muisicai significance • !lhe number A 
ic called the amplitude of the vavej it is the peak pressure and its square is 
a measure of the loudness. The number is proportional to the frequency 
arid is a measure of pitch; the larger ce the more shrill the tone. 

The effectiveness of the application of circular functions to the theory 
of sound stems l>om the principle of superposition. If two instruments indi- 
viduallj^ produce acoustical prt-csures p^ and p^, then together they produce 
pressures • Pj^ * P,^ have a common period then the sum 

Pi ^ P2 period, Tiiiz is the root of tJie principle of hairoonyj 

if tvo instruments are tuned to the same note, they vill produce no strange 
nev note when played together. 

Uft ui3 ::uppose, for exanjplej that tvo pure tones are produced with indi- 
vidual prci:sure waves of the sa©e frequency, say 

u = A cos cut (3) 

V B sin at (k) 

where A, B, and co are positive. Acconiing to the principle of superposi- 
tion, the net pressure is 

p - A cor. cLt ^ r J In at, 

Wiat doei: the graph of this equation look llKe? We .^hall answer this question 
by reducing the problem to tvo simpler problems, that is, of graphing (3) and 
ih) above. For each t, the value of p is obtained from the individual 
graph c, m'nce 

p =^ u V, 

To illur>trate these ideas vlth specific numerical values in place of A, B, 
and a-^ let 

A = 3, B = = IT. 

Then ve Wish to gi-aph 

p =^ :5 coi: :tt ^ k L'dn ^t, (5) 
Equations (3) and ^4) become 

U =^ 3 cos 3Tt, (6) 

V ^ k Gin Jtt. (7) 



«The acoustical pressure Is defined as the difference between the gac pressure 
in the wave and the prenr.ure of the gas if it is left undisturbed. 
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By dravlnfi the graphs of (6) (Ftgxire 19) and (?) (Figure 20) on tlie saiae set of 
mxe&, and by adding the corresponding ordinates of these graphs at each value 
of t, ve obtain the graph of (5) shown in Figure 21. You vill notice that 
certain points on the graph of p are labeled vith their coordinates. These 
are points which are either easy to find> or which have some special interest. 




Figure 19 . Figure 20. 

Graph of u = 3 cos :tt. Graph of v - k sin jtt. 

The points (0^3), (0.5A)^ (l^-3), (1.5^-^)^ and (2,3) are easy to 
llnd since they are the points where either u 0 or v =-- 0, Tiie points 
(0.29,5) and are important because they represent the first maxi- 

muni and minimum points on the graph of p, while (0.79,0) and (1.79^0) are 
the first zeros of p# To find the maximujTi and mininjum points and zeros of p 
involves the use of tables, and hence we shall put off a discussion of this 
matter until Section 7, although a careful graphing should produce fairly good 
approximations to them. 
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Figure 21* The sum of two purt? waves of equal perioci. 

Dacheci curve: u = 3 cos itt. 
Dotted cui^e: v = ^ sin nt. 

Full curve: P « 3 cos itt 4 sin j^tj 0 < < 2. 
(The scales are not the ijame on the two axesj this 
distortion is introduced in order to show the details 
more clearly. ) 



2p. 



22 



Exercises k 

1. Qctend the three curves in Figure 21 to the interval |t| < 2. To the 
interval [t] < 3. What do you observe about the graph of 

P « 3 cos at + 4 sin nt over lt| < 3 ? Is it periodic? 'What is its 
period? Give reasons for your answers. 

2. Sketch graphs of each of the folloving curves over one coaplete cycle; 
and state v*at the period is, and what the range is, if you can. 

(a) y » 2 sin 3t (d) y « 3 cos (-x) 

(b) y » -3 sin 2t (e) y = 2 sin x - cos x 

(c) y m k cos (|) 



5* Vectors and Rotations . 

In the next section, ve shall develop the important formulas for 
sin (x + y) and cos (x + y). Because our developnent will rely on certain 
properties of plane vectors, we give, in this section, an informal sunmary of 
those properties. 

You have probably encountered vectors in your earlier work in mathematics 
and science. The physicist uses them to represent quantities such as displace- 
ments, forces, and velocities, which have both magnitude and direction. Some 
exainples of vector quantities are the velocity of a train along a track or of 
the wind at a given point, the weight of a body (the force of gravity), and the 
displacement from the origin of a point in the Cartesian plane. 

In a two-dimensional system, it is often convenient to represent vectors 
by arrows (which have both a length, representing magnitude, and a direction) 
and to use geometrical language. We shall do this, and we shall restrict our- 
selves to vectors all of which start from a single point; in our discussion we 
shall take this point to be the origin. If s" and f are vectors, we define 
the sum T + T to be the vector represented by the diagonal of the paral- 
lelogram which has sides and T, as shown in Figure 22, If is a 
vector and a is a number not equal to 0, then we define the product a"? to 
be a vector whose magnitude is |al times that of "t and whose direction is 
the same as T if a > 0 and oj-posite to ? if a < 0; in either case, "? 
and a"? are collinear. Figure 23 illustrates this for a >= 2 and a = -2. 
It is an experimental fact that these definitions correspond to physical real- 
ity; the net effect of two forces acting at a point, for example, is that of a 
single force determined by the parallelogram law of addition. 
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Figure 22. 
The sum of two vectors. 



Figure 23. 
A vector multiplied "by a nu2i*beri 



These definitions of vector sum and of multiplication by a number make it 
possible to express all plane vectors fro© the origin in terms of two basic 
vectors # It is convenient to take as these basic vectors the vector TT from 
the origin to (l,0) and the vector ^ from the origin to (O^l). Ihen, for 
any vector there exist unique numbers u and v such that 

Tf = ul? (1) 

In fact, the numbers u and v are precisely the coordinates of the tip of 
the arrow representing If (Figure 2U), To take a specific exaiuple, the vector 
^ from the origin to the point P(--|,^) can be expressed in tenr.s of the 
basic vectors IT and "7 as 



as shown in Figure 25- 




Figure 2h . 
A vector in terms of the 
basic vectors U and v. 
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Figure 25. 
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Vc nov introduce the idea of & rotation of the whole plane about the 
origin 0. Such a rotation carries each vector into a unique vector, and ve 
oa^' therefore regard it as a function whose dojaain and range are sets of vec- 
tors. Most of the functions you have met are functions which map numbers into 
numbers, but it will be useful, in this section, to think of a rotation as a 
new kind of function vhich maps vectors into vectors. 

Anj' rotation of the sort we are considering is completely specified by 
the length x of the arc AP of the unit circle through which the rotation 
carries the point A(l,0). Let f be the rotation (function) which maps the 
vector 0? (that is, Tf) into the vector whose tip F has coordinates 

(u,v). As ve have seen above, 0? can be expressed in terms of the babic 
vectors IT and as u'lf + v7. Hence 

f(l]) OF - uTT ^ vV, (2) 

as pictured in figure 26. The same rotatio" f carries the point B(0,l) 
into the point Q(-v,u), as can be shown congruent triangles, (see Figure 
e6), so ve also have 

fCT) « OQ = .vTr+ uT. (3) 




TYic effect of ^ rotation or: the basic vectori: Tf and 

(The figure iz valid only when 0 < x < ^. Tlie result, Jiowever, iis triiC for 
any real x;. for a more general derivation, sec HxerelL-e;; H and 'J.) 

Kow iiupposc that we subject the plane to a Lseeond rotation £, in whiel) 
points on the unit circle are displaced through an arc ol" Iciit^th y. Hlnce £ 
&lco is a i\inction, vc may regurd the iiuccei:.i.;ive application.; of the rotations 
f and g a composite l\inction pf (^ee, for exwni'le, the i'MiXl piuiiphlet, 
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Functlona ) » Froa Equation (2) and the definition of CMjposition, ve have 

(gf)af) - gffOn] - - gCuTT* vf). ik) 




Figure 27. 



Ve must now pay scaae attention to two important properties of rotations, 
first, a rotation does not change the angle between two vectors, ^pd collineax 
vectors vill therefore be rotated into collinear vectors. Second, a rotation 
does not chajige the length of any vector. Nov, if a is a nmber (a O) 
and T is a vector, then the vector aT is colling vith "t. If f is a 
rotation, the two stated properties ensia-e that and f(^ have the same 
length, that a? and f(a?) have the saoie length, and that f(aT) is collin- 
ear with tif). We vill therefore get the same vector fron F' if we first 
multiply by a and then rotate, or first rotate and then multiply by a: 



Hie same two properties of rotations also ensure that a parallelogram will not 
be distorted by a rotation. Since the addition of vectors is defined in terms 
of parallelograms, it follows that rotations preserve sumsj that is, if f is 
a rotation, and if S and T are vectors, then 



f(aT^ - af(T}. 



(5) 



f(s + t5 = f(s) + fir). 



(6) 



From (5) and (6), 



g(uTf + v^ = us(l7) + vg(^, 



and we may therefore rewrite (k) as 



isf)(^ = ugOJ) + vg(7). 



(7) 
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Bcerclses ^ 

Let T be the vector OP where P is the point (y^^). Vrlte ^ in 
tiie foitt ulf^ vT. If r(l?), find the arc on the iinit circle ^ch 
specifies the rotation f . 

In Exercise 1, replace P by 

(a) the point 

(b) the point 

Jlnd f(l?) if the rotation f is specified by an axe of the unit circle 
i^icb is 

(a) ^ units long; 

(b) units long. 

Write f (TT) in the form uTf + vT if f corresponds to an arc of the 
unit circle vfaich is 

(a) ^ units longi 

(b) ^ units long. 



Do Exercise k for an arc ^ units long. 



I^t f correspond to a rotation of ^ units and g to a rotation of 
I linits. Shov that, since V » f(U;, the result in Exercise 5 is equiva- 
lent to gCT), 

If f and g are any two rotations of the plane about the origin, shov 
that fg * gf . 

If the rotation f corresponds to an arc x and the rotation g to an 



arc 



|, shov that f(v) « (fg)("u) « (gf)(u). 



In Exercise 8, put r(v) « ulT vv"^ and hence shov that 
f('v) ^ g(u"u) + g(v"v) = xx^iu) ^ yg(v) uT - vU. 



6* l^e Addition Formulas . 

We are nov ready to bring the circular functions into the picture. Since 
f maps the vector OA onto CP so that A(l,o) is carried through an arc 
X of the unit circle to P(u,v), it follovs from the definitions of Section 1 
that 

u cos X and v sin x. 

27 



Hence Equatioiifi (2) and (3) of Section 5 can be written 

f{lj) - (cos x)Tf * (sin x)T (1) 
and ^ ^ 

f(v) - (-sin x)U + (cos x)V. (2) 

Since, moreover, tiie rotation g dilTers from the rotation f only in that 
the arc length involved is y instead of ve may similarly write 

(cos y)U + (sin y)V (3) 

and 

g("v) « (-sin y)*? ^ (cos y)T. ik) 

Substituting these results in (?) of Section 5 gives us 

(gf)('u) - (cos x)((cos y)^^ (sin y)v) + (sin x){(-sin y)Tr+ (cos y)^^ 

« (cos X cos y - sin x sin y)U (sin x cos y ^ cos x sin y)V. (5) 

Furthermore, the composite rotation gf can be regarded as a single rotation 
thix5ugh an arc of length x y, and ve may therefore vrite, by analogj^ vitn 
(1), 

(gf)("u) - (cos (x ^ y))T?+ (sin (x + y)]?. (6) 

We now have, in {^) and (6), two ways of ';:'^essing the vector (gf)('u) 
in terms of the basic vectors U and V. Since there is essentially only one 
such way of expressing any vector, it follows that the coefficient of U in 
(5) must be the same as the coefficient of U in (6), or 

cos (x + y) ^ cos x coo y - sin x sin y, (7) 

and a similar comj^rison of the coefficients of in the two expressions 
yields 

sin (x + y) « sin x cos y ^ cos x sin y, (8) 

TTiese are the desired addition formulas for the sine and cosine. 

We also obtain the subtraction formulas very quickly from Equations (7) 
and (B). TlmG 

cos (x - y) =^ cos fx i-y)i = cos x cos (-y) - sin x r,in (-y), (5) 
Since, however, ^Sectioti 2, Equations (j)) 

cos ( •y) = cos y 

and 

sin (-y) ^ -sin y, 

wo may write (9) as 

cos (x - y) - cos X cos y sin x sin y« (lo) 
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In the Exercises^ you will be a^ked to shuv similarly that 

sin (x - y) » sin x cos y - cos x sin y, (ll) 

Prom formulas (?) and (8) and (lO) and (ll)^ it is easy to derive a large 
niaaber of familiar trigonometric formulas. 

Example . Find cos (x n) and sin ix n) , 
Solution . By with y * ir, 

cos (x 3t) * COS X cos 5t - sin X sin re. 

Nov, cos It *^ -1 and sin « 0. Hence cos (x :t) « -cos x. 
Similarly, from (8), i^in (x jr) - sin x cos n cos x sin jt 

^ sin x(-l) + cos x( O) 

^ -sin X. 

Exercises 6 

1. By use of the appropriate sum or difference formula shov that 

(a) cos (| - x) 5= sin x; (f) sin (n - x) = sin x; 

(b) sin - x) = cos x; (g) cos + x) - sin x; 

(c) COG (x ^) = 'Sin x; (h) sin + x) = -cos x; 

(d) sin (x + ^) cos x> (i) sin x) = cos - x). 

(e) cos (n - x) =^ -cos x; 

2. Prove that sin (x - y) = sin x cos y - cos x sin y. 

*3« Shov that formulas (7)^ (8)^ and (ll) may all be obtained from formula 

(lO), and, hence, that all of the relationships mentioned in this section 
follow from formula (lO). 

Prove that the function tangent (abbreviated tan) defined by 

, sin x / / J. . ^ > 

tan: x f t 2nj:) 

cos X ^ 2 

is periodic, vith period st. Why are the values t ^ ^ excluded 
from the domain of the tangent function? 

t)« Using the definition of the l\inction tangent in iibcercise k and the 

formulas (8), (lO), (ll), develop formulas for tan (x + y) and 

tan (x - y) in terms of tan x and tan y. 

6, Using the results of Exercise 5i develop formulas for tan (n - x) and 
tan (jT x). Also, shov that tan (-x) = -tan x. 
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7* Express sin 2xj cos 2x^ aj^ tan 2x in terms of functions of x. 
(Hint: Let y • x in the appropriate foznulas.) 

8. Express sin 3^ in terms of functions of x# 

9* In Exex^lse 7 you v^re asked to express cos 2x in terms of functions of 

2 

x# One possible result is cos 2x « 1 - 2 sin x. In this expression 
substitute ^ ■ g solve for sin ^. 

2 

10. Ill Exercise 9 9 cos 2x aay also be written as 2 cos x - 1, Use this 
formula to get a foxmula for cos ^ * 

11. Using the definitions of the runction tan and the results of Exercises 
9 and 10, derive a formula for tan ^. This vili be an expression 
involving radicals, but by rationalizing in succession the numerator and 
the denominator you can get two different expressions for tan not 
involving radicals. 



In Section 5 w developed the algebra of rotations, and in this section 
ve have applied this algebra to derive the addition formulas for the sine and 
cosine functions. As ve shall now indicate, there is a close parallel between 
the algebra of rotations and the algebra of complex numbers. 

If two complex numbers are expiressed in polar form, as are 



and 



= r^(cos + i sin x^) 



= cos i sin x^) 



then their product can be found by multiplying their absolute values and 
rr>, and adding their arguments, x, and x^: 

^1^2 ^1^2 ^v^^^ (x^ + x^) ^ i sin (x^ ^2^)" 
Niiltiplying any complex number z by the special complex number 
cos X + i sin x ^ l(cos x i sin x) 

is therefore equivalent to leaving the absolute value of 2 unchanged and 
adding x to the argument of z. Hence, if ve represent z by a vector in 
the complex plane, then multiplying by cos x i sin x is equivalent to 
rotating this vector through an arc x, as in Section 5. 

Let us replace the vector U of Section 5 ^y the complex number 

I COG 0 i sin 0. 
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ISien the product 

(cos X ^ i Bin x) • 1 - cos x + i sin x 

«rpr©««nt« the vector formerly caaied f{lf) {see Pisure 28), and (gf)(l?) 
bee OSes 

(cos y + i sin y)(cos x + i sin x) • 1 « 
((cos X cos y - sin x sin y) + i(Bin x cos y + cos x sin y)) • 1. 



X ♦ i sift X 




Figure 28. Representation of = cos x + i sin x. 

If ve replace (gf by 

^cos (x + y) ^ i sin (x y)j • 1 

ve have 

cos (x + y) i sin (x + y) * 

(cos x cos y - sin x sin y) i(sin x cos y cos x sin y). 

By equating reed and imaginsoy parts we obtain the addition formulas (7) and 
(8). 

The subtraction formulas may be derived equally simply. Since g*"^ is 
equivalent to rotating through an angle -y, ve hwe (g"^f)(l?) » g""^f(T?) and 
therefore 



Hence 



and 



^cos (x - y) i sin (x • y)j • 1. 
cos (x - y) = cos X cos y sin x sin y 
sin (x - y) * sin x cos y - cos x sin y* 
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7. Construction &rd Us e of Tat>les of Circular SXinctions. ' 

It is difficult to give in a short space an indication of the enormous 
variety of va^s in which the addition formulas of Section 6 ) 

cofi (x y) * cos X cos y - sin x sin y (l) 

sin (x y) * sin x cos y cos x sin y (2) 

cos (x - y) cos X cos y ain x sin y (3) 

sin (x - y) * sin x cos y - cos x sin y {k) 

turn up in mathematics and in the application of matheraatics to the sciences. 
In this section and in Sections 8 and 9$ i^hall describe sooie of the more 
coomon applications. The first of these is their use in the construction of a 
table of values of the sine and cosine functions. 

In Exercise 1 of Section 6, you used the difference formulas to show that 

sin (| - x) ^ cos X 

cos - x) = sin X. 

These formulas permit the tabulation of sin x and cos x in a very neat 
way. If we had a table of cosines for 0 < x < | , this would, in effect, give 
a table of sines in backward order. For example, from the table of special 
values in Section 2, we obtain the sojnple table shown, where y *^ ^ * x. 



X 


cos X 


2 - ^ 


0 


1 








2 


n 




n 


z 




3 


3t 






IT 




X 


It 


1 


tt 


3 


2 


z 


2 


0 


0 


2 ' ^ 


sin y 


y 



In this table the values of the cosine are read from the top down, and the 

values of ti\e sine froa: the bottom up» Since it is a very inefficient use of 

space to put so few columns on a pa^e, the table is usually folded in the 

middle about the value x * y * ^ and is constructed ac in the following 
sajuplo: 
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^2 3n 



X 


COS X j 


sin X 


— - X 

2 


0 


1 


0 


2 






1 




Z 


• 2 


2 


5 




r2 






X 


2 


2 






sin y 


C02 y 


y 



At the end of this paixjphlet ve give three tables: 

I. A table of sin x and cos k for decimal values of x up to 1.57 
(slightly less than 
II. A table of sin ^ and cos ~ in decimal fractions of | up to 
1.00. 

III. A table of sin^x, cos^x, and tan^x, in degrees up to 90^. 

(We define sin^: x^-*sin x^, with similar definitions for cog° and tan^. 
It is usual to write sin x in place of sin^x, etc., when the context makes 
it clear what is intended. We shall follow this practice.) 



Exercises J a 

1. Why is Table I not folded as are Tables II and III? 

2. Find from Table I sin x and cos x when x is equal to 

(a) 0.73; (c) 1.55; 

(b) -5,17; (d) 6.97 (Hint: a ^ 6.28). 

3. From Table I, find x when 0 < x < | and 

(a) sin X ^ 0.1099; (c) sin x ^ 0.6495; 

(b) cos X « 0.9131; (d) cos x « 0.51*03 . 

4. From Table II, find sin oat and cos ijX if O) « | and 

(a) t = 0.31; (c) t = 0.62; 

(b) t = 0.79; (d) t - 0.71. 

5. From Table II, find t (interpolating, if necessary), if o) « ^ ^ 
0 < t < 1 and 

(a) sin ojt 0.8Zf ; (c) sin a^t * 0.475; 

(b) cos a5t ^ 0.905 J (d) cos a5t 0.7^.^. 
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3.'; 



6« iVo0 TMblw Ills sin x mnd cos x (interpolating^ ir nectsMry) 
when 

(a) X - 45^j (c) X • 36.2^i 

(t) X . 73"^; (d) X . 81.5^. 

7. Pro« Table find x when 0 < x < 90^ and 

(a) sin X « 0.629; (c) siax««0,621j 

(b) cos X « 0,991j (d) cos x « 0.895-. 



Extending the scope of the tables > Table I, at the end of this pamphlet, 
gives values of the ciZHjular functions cos: x-^ cos x and sin: x-* sin x 
only for 0 < x < but we can extend its scope to the set of all real numbers 
by ccing (a) equations (b) our knowledge of the circular functions of 

all auitipies of ^ (see, for exa^le, O^ble l), and (c) the fact that any 
real number can be expressed as the sua (or difference) of two nurabers of which 
one is a multiple of ^ and the other is^ in the interval {x: 0 < x < |3» 
Similar reaarka apply to Tables II and III, The technique is best explained 
through exacQ^les. 

Example !• Find sin 2. 

Solution, Since | « 1.57, we write 2 « I.57 O.h^, and, using 
equation (?), we then have 

ein 2 - sin (l,57 O.ki) 
- sin (| ^ 0.43) 

* sin ^ COS 0.^3 cos ^ sin 0.43 

* cos 0.43 
0.9090. 

Alternatively, 2 «= 3.1^ - I. Ik « r - 1.14, and therefore 

sin 2 » Din (jt * l.l4) 

« sin n cos l.l4 - cos it sin l.l4 
■ sin i.l4 

* 0.9086. 

Example 2. Find cos 4.56. 

Solution . Since 4.56 « 3.l4 l.k? ^ n l,k2, ve have 

cos 4,56 cos in 1.42) 

« cos rt cos 1.^2 - cin n sin 1.42 

* -cos 1.4? 

« -0,1502. 
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This technique can be uaed to sia^plify expressions of the form 
»ln (q^ t x) and co« (n| t x). 

Exagipl - ^. SimplilV cos ^ x). 

Solution, con x) cos ^ cos x - ain ^ sin x 

= cos cos x - sin ^ sin x 

= *sin X. 
Example ^« Find cos 0.82«. 

Solution . In this case, it is easier to use 'Pable II. Since 
0.82JC » 0.50bt + 0,32s, ve have 

cos O.Sar =^ cos ^ 0.323t) 

« cos I cos 0,32n - sin | sin 0.325r 

* -Gin 0.32n 

- -sin 0.6U(|) 

^ -0.81^4, 







Exercises 


Ik 




Using the table that 


you think most convenient, find 


1. 


sin 1.73; 


9. 


cos (-135°); 


2. 


cos 1.3it; 


10. 


sin 327°; 


3. 


sin (-.37); 


11. 


COS (-327°); 


k. 


sin (-.37Jt); 


12. 


cos 12. kn; 


5. 


cos 2.83T; 


13. 


sin 12.k ; 


6. 


cos 1.8r; 


*1^. 


COS (sin .3^t); 


7. 


cos 3 .71; 


•15. 


sin (sin .7) . 


8. 


sin 135°; 







^* Waves : Frequency , Amplitude , Phase . 

As ve remarked in Section the superposition of two pure waves of the 
same frequency yields a pure vave of the given frequency. Nov ve shall be able 
to prove this result- In order to be more specific, instead of assuming that 
either of equations (l) in Section k defines a pure vave, let us say that, by 
definition, a jxare vave will have the form 

y « A cos (a5t - a), (l) 

vhere A and cu are positive and 0 < a < 2n. The number a is called the 
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pha&e of the pure vave# Ihe sine function nov becomes simply' a speciad case of 
(l), and defines a pure v^ve with phase 

y « sin ojt = cos (art - |)- (2) 

%e ph-ace of a pure vave has a simple interpretation. We vill take the graph 
of 

y cos ojt (3) 

as a standard of reference, arid the cycle over the ntervul (O < t < — ) 

between two peaks of (3) as the standard cycle. Ifov the graph of 

y » A cos ioA - a) rea'~Vs its peak, corresponding to the first peak of its 

standard cycle, at the ^^>. */he;-e at - a =« 0, that is, at t ^ ^. Since ^ 

00 a: 

is positive, it is clear that the vave (l) reaches its first peak after the 
standard vave (3) reaches its first peak, since (3) has a peak at t = 0. That 
is, the wave (l) lags behind the wave (3) by an amount Since the period 

of (3) is — , this lap; amounts to the fraction 

a: a 

CD 

of a period. (Figure 29.) V/e ^ee frorri (2) that sin a.^ lags behind eoa a3t 
by a quarter period, (See Hgures ly and PO.) 




Figure Graphs of two cosine curves. 

We nov wish to test the idea that the sum of two pure vaves which }iave the 
same period but differ in amplitude and phase is again a pure vave of the same 
period vith some new ainplitude and pi'iase. You will recall that in Section h we 
sketched the graph of 

y - i cos TTt ^4 sin Jtt (k) 
by adding the ordinates of the graphs of u - j cog itt and v - h cin jtt. The 
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graph supported tlUs idea. At that time we also had to leave open the question, 
of the exact location of tlie mavlnnini and minimum points and the zeros of the 
graph. 

We are now in a position to deal vith these problems. Since findj.ng the 
aaxifflUffi and minimum points and finding the zeros involve essentially the same 
procedure, we shall confine our attention to the tsaximum and minimuin points. 

Our basic problem still is to expreijs 

y ^ 3 cos :rtt -^^ 4 sin nt 

in the forxs of 

y = A cos (cot - a) (l) 

that is, to show tliat y is a pure wave, but in the process ve shall be able 
to obtain the exact location of the maximum and JBinimum points of the graph of 
the sxun. II' ve write out (l) in tenzis of the formula 

COG (f"? * a) co^- 3 coo a sin 3 sin a (5) 

ve obtain 

y - A oOG (cut - a) - A(cog ujt cos a ^ nin cut sin q,) 

or 

y - A cos ojt cos a ^ A sin ojt sin a, (6) 
In our case, ^ we have 

y = A eOi3 :tt cos a + A sin Jtt sin a. {'() 

Upon corQparing {{) with (4), we note that if 

A COG u 3 and A sin a = ^ (8) 

then (7) and (U) will be identical* We shall therefore seek values of A and 
a which satisfy the equations (8). To do this, we may begin by squaring both 
sides of the equations (8) and adding them to obtain 

2"5 2 2 n P 2 

3*"' + = A cos'"a + A""' sin a 

y ^ l6 - A^(coG*"a ^ sin'^a) 

or 



Since A is positive, we have 
and conseq\iently from (8), 
PYom Table I 



A = ^j, (v) 



3 ^ f \ 

cos a ^ and sin ct ^ — . (10; 



a ^ 0.9-7. (U) 
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Hdv, by using (9) (H)^ ve isay put {h) in the forat 

y - 3 cos xt + 4 Bin nt « 5 cos (itt - 0.927), (IS) 

shoving that it is a pure wave vith aaplitude 5, period 2 (as before), and 
phase 0.927. We note that 0.295 is very close to the value 0.29 

obtained graphically in Section 4. We are also in a position to locate the 
aaxiBsum and minimum points of our graph. Pro© (12), y will be a maximim vhen 

cos (3tt - 0.927) ^ 1, 

that is, 

nt - 0.927 « 0 

t - ^'^^ « 0.295, 
and y will be a- minimum vhen 

cos int - 0.927) = -1, 

tliat is 

Jtt - 0.927 = It 
t - 1 + « 1.295 

where, -in each case, ve have taken the smallest positive value of t. 
We now put the general equation 

y = B cos cut C sin cut (13) 

in the form (l). If ve proceed exact ly as b efore, using (6) and (13), ve find 

that for specified B and C, and a solution of the equations 

B C 
cos ct = J and sin a ^ j (l^) 

will determine a unique a in the interval from 0 to 2?t, from which the 
forsj (1) follows. (See Exercise 3 below.) 



Exercises 8 

1. What is the smallest positive value of t for v^ich the graph of equation 
(U) crosses the t-axis? Compare your result vith the data shown in 
Figure 21, 

2. Sketch each of the following graphs over at least tvo of its periods. 
Show the amplitude, period, and phase of each. 

(a) y « 2 cos 3t (e) y = -2 sin (2t + Jt) , 

(b) y = 2 cos (^) (f) y = 5 cos (3t ^ |) 

(c) y • 3 cos (-2t) 

id) y = -2 sin (-j) (Remember that the phase is defined to be positive.) 
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3. Express each of the foUoving equations in the form y » A cos int - a) 
for some appropriate real numbers A and a. 

(a) y = 1^ sin 3tt - 3 cos nt (d) y - 3 sin nt ^ 4 cos jtt 

(b) y « -4 sin 3Ct 3 cos :tt (e) y « 3 sin jtt - 4 cos nt 

(c) y = sin nt - 3 cos nt 

Without actually counting tlie value of a, show on a diagram hov A and 
a can be determined from the coefficients E and C of cos at and 
sin ojt if each of the following expressions of the form B cos at C sin art 
is made equal to A cos (at - .a) . Compute a, and find the maximum and 
minimum values of each expression, and its period. Give reasons for your 
answers • 

(a) 3 sin 2t ^ 1^ cos 2t (c) -sin (|) ^ cos (|) 

(b) 2 sin 3t • 3 cos jt 

5. Verify that the superposition of any two pure waves A cos (cut - a) and 
B cos (cut - is a pure v^ve of the same frequency, that is, that there 
exist real numbers C and 7 such that 

A cos (at - a) B cos (at - 3) = C cos (at - y) . 

6, Solve for all values of t: 

(a) 3 cos nt U sin nt = 2.5 

[Method: Prom equation (12) we see that this equation is equivalent 
to 5 cos (jtt - 0.9.^,^/) - 2.5. For every solution, we have 

cos {nt - 0.927) - 0.5, 

which is satisfied only if the argument of the cosine is ^ ^ 2n:T or 
-^4- 2n:t. It follows that the equation is satisfied for all values 
of t such that 

:Tt - 0.92Y -- ^ 2nn 

or such that 

t ^- — ' 1 ^ ^ ^-n. 

Question: What is the smaliet^t positive value or t for whicl] 
equation (a) is satisfied?] 

(b) 3 cos nt ^- k sin nt ^ 5 

(c) sin 2t - cos :x - 1 

(d) k cos nt - i sin jtt 0 

(e) h cos 3tt + < sin 3tt - I 
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Sbov that aay wave of the form 



y « B cos (^it - 3), ?^ 0), 
can be written in the forra (i), that is, 

y * A cos (ojt - a) 



where A is non-negative, o) positive and 0 < a < 23t- 



9« Analysis of General Waves * 

In Sections k and 8 ve considered the supei*positicn of two pure vaves of 
the same period (or frequency). We found that the superposition of such waves 
is again a pure wave of the given frequency. Next ve ask what conclusion ve 
can drav about the superposition of two vaves vith different periods. Suppose, 



Unfortunately, sin 3x and cos 2x have different fundsjuental periods, — 
and It, so they cannot be combined into a single term, the way ve could if ve 
had only cos 3x and sin 3x, say, or cos 2x and sin 2x. Hovever, any 
multiple of a period can be looked upon as a period • That is, ve can consider 
y 2 sin 3x as having a period of y, -y, 2jt, y, or any other integral 
multiple of y-. Similarly, y 3 cos 2x can be considered as having a 
period of n, 2it, Bit, etc. Now, comparing these values, ve note that both 
expressions can be considered as having a period of 2jt, and hence their dif- 
ference will aJ.so have a period of 2jr, In effect, ve simply find the least 
common multiple of the periods of two dissimilar expressions of this form and 
ve have the period of their sum or difference. There is little else that ve 
can conclude in general. About all ve can do to simplify matters Is to sketch 
separately the graphs of 



and y = u - V. The result is shovn by the three curves in Figure 30- 

The superposition of sine and cosine vaves of different periods can pro- 
duce quite complicated curves. In fact, vith only slight restrictions, any 
periodic function can be approximated arbitrarily closely as a sum of a finite 
number of sines and cosines. The subject of harmonic analysis or Fourier 
series is concerned vith approximating periodic functions in this vay. The 
principal theorem, first stated by Fourier, is that a function f of period 
a can be approximated arbitrarily closely by sines and cosines for each of 
vrtiich Goce multiple of the fundamental period is a. 



-y 



2 sin 3x - 3 cos 2x. 



u ^ 2 sin 3x, V = 3 cos 2x, 
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Figure jO. 
u = 2 sin 3x^ v =^ 3 cos 2x 
y =: u - V - 2 sin 3x - 3 cos 2x, 0 < x < 2rc. 

Si>ecirU-ally, 

f(x) (A^ con ~ Sill — } + {A^, cos ~ ^ ^^^^ ~^ *^ 

+ (A cos COL' j, [I J 

n an a 

and the more tcmi: we u.se, the better Ig our approximation. 

A;: un exLUT]]^lc:^ t.:onr.Ider the functiori depicted in Figure Jl . llnik-> l\inction 
is del'ined on the interval -:t < x < :n: by 



0, 


if 


X " -:it 




if 


-3t < X < 0 




if 


X - 0 




if 


0 < X < n. 



Jo, if X ^ 0 
il, if 0<x<n. 

For all otht.-r valutr^ of x we define f(x) by the periodicity condition 

f(x ^ :^) - f(x). 

TnlG l^anction han a particularly cu:':])l,e approximt,ion ai:> a verier, of the 
foinn (l), namely, 

^I'sin X sin jx ijln "^x ^ In ( I'n - Qx , / ,\ 

ir^ 1 5 -'^ ^ 
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Figure 31. Graph of periodic function. 



f(x) = 



\; f(x + 2n) = f(x). 



0, if X -= -3t 

1, if 0 < X < n 
0, if X = 0 

-1, if < X < 0 

Fourier series: ^{^^-^ + MEJai + sin^ + ... + B±rLi2n_:^l}x\ 
«^ 1 J 5 2n - 1 y* 

As an exercise, you may grai:^ the succossive approximtions to f(x) by 
taking one, then two, then three terms of the series, and see how the succes- 
sive graphs approach the graph of y = f(x). 

The problem of finding the series (l) for any given periodic function f. 
is taken up in calculus. 



Exercises £ 

1. Sketch graphs, for jx| < n, for each of the following cinves. 

(a) y " ~ sin X 

(b) y = i'lilL^ + sinjx', 

' ^ ^ n\ I 3 5 



(a) Find the periods of each of the successive terms of the series (3), 
namely, 

^ sin 3x sin 5x 
sin X, — j^, — j-^, .... 

(b) What term of the general series (l) are missing? Prom the symmetry 
properties of the function f defined by (2) can you see a reason 
for the absence of certain terms? 
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10. Further Apylicatiops of Circular i\mctions . 

We hmve seen in Section h that the circular functions of real numbers 
arise iiaturally in the theory of scnmd arid, more generally^ in the study of 
siiaple harxQonic motion. Herej however, it vould be possible (although saaevhat 
inconvenient) to work in terms of functions of angles rather than of real num- 
bers. There are many applications of the circular functions^ however, ^ere 
one must use the real-number approach. 

For example, in the stuciy of vibrating membranes (e.g., a druml) the 
equation 

sin X ^ 
cos X - ■ ■■ «= 0 

X 

sin X 

arises. Clearly, sin x is a nuzaber and hence — - — is meaningful onl>' if 

we are considering x as also being a real number. 

Siiiiilarly in the study of the nation of an electron of mass m and charge 

e subjected to an electric field of intensity E and a magnetic field of 

intensity K ve need to consider the expression 

Em^He. , Het' 

— TT'^ — t - sin . 

jj2^sm m; 

where, again, t must be considered as a real number. 

In particular, the calculus abounds in situations where the real-nmaber 
point of view must be used. Listed below eu:e a few of the n^ny expressions 
found in the calculus in which the trigonometry of real numbers must be used: 

^ (in finding the "derivative" of sin x)j 

•|x - 2 sin X sin 2x (in finding the area under one arch of a ^'cycloid^O; 

X . BlIL^ (ii, ^^integrating" sin^x); 

e^(coo x ^ sin x) (in solving a "differential" equation). 
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Table I 



Values of sin x and cos x for 0 < x < 1.57. 



X 


sin X 


cos X 


X 


sin X 


cos X 




. WWUU 




.40 


•3094 


.9211 


.01 


.0100 


1.0000 


.hi 


.3986 


.9171 


,02. 


.0200 


.9998 


.1*2 


.1*078 


.9131 


.03 


.0300 


.9996 




.UI69 


.9090 


,Ck 


.Oi+00 


.9992 




.U259 


.901*8 








.45 


.4350 




.06 


.0600 


.0982 { 


.1*6 


.1*1*39 


.8961 


.07 


.0699 


.9976 1 


.1*7 


.1*529 


.8916 


.08 


.0799 


.9968 


.1*8 


.1*618 


.8870 


.09 


.0899 


.9960 


.^9 


.1*706 


.8823 


• lU 


I uyyo 


■ y:Jy U 




.4 f94 


.07 f6 


.11 


.1098 


.99140 


.51 


.1*882 


.8727 


.12 


.1197 


.99^-^8 


.52 


.1*969 


.8678 


.13 


.1296 


.9916 


.53 


.5055 


.8628 


,lk 


.13^/3 


.9902 




.51i^l 


.8577 


.15 






.55 


.5227 


.8525 


.16 


.1593 


.9872 


.56 


.5312 


.81*73 


.17 


.1692 


.9856 


.57 


■5396 


.81*19 


.18 


.17'JO 


.9838 


.58 


.51*80 


.8365 


.19 


.1889 


.9820 1 


.59 


.5561* 


.83019 


on 


.rjo f 






.5o4Q 


.8253 


.21 


.208s 


.9780 


.61 


.5725 


.8196 


.22 


.2182 


.97'^ 9 


.62 


.5810 


.8139 


.23 


.2280 


.9737 1 




.5891 


.80S0 




.2377 


.9713 


.61* 


.5972 


.8021 








.65 


.0C52 


.79OI 


.26 


.2571 


.9664 


.66 


.6131 


.7900 


.2',' 


. 2667 


.9638 


.67 


.6210 


.7B38 


.28 


.2r6ii 


.9611 


.68 


.6288 


.7 r76 




.2860 


.^^5^2 


.69 


.6365 


.7712 


.30 




.'■;553 


1 
1 

I . (0 


.61*1*2 


.761*8 


.31 


.3051 


.9523 


.71 


.6518 


.75«l* 


.32 


.31^*6 


.91^92 


.72 


.6591* 


.7518 


.33 


.321*0 


.91*60 


.73 


.6669 


.71*52 


.ih 


.3335 


.91*28 


! .71* 


.671*3 


.7385 


.35 


• 3^?^' 


.93S'^ 


.75 


.6816 


.731: 


.36 


.3523 


.9359 


.76 


.()889 


.721*8 


.37 


.3616 


.9323 


.77 


.6061 


.7179 


.38 


.37C9 


.928f 


.'f-8 


.7033 


.710; 


.39 


.3802 


.921*9 


.79 


.■-^01* 


.7038 
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Table I Contt 



X 


sin X 


COB X 


X 


sin X 


cos X 


.80 


.7174 


.6967 


1.20 


.9320 


.3624 


81 




68q^ 


1 PI 




■ J? j*^ 


.82 


.7311 


.6822 


1.22 


.9391 


.3436 


.83 


.7379 


.6749 


1.23 


.9425 


.3342 


.8k 


.'{kk6 


.6675 


1.24 


.9458 


.3248 


.85 


.7513 


.6600 


1.25 


.9490 


.3153 


86 












.87 


.7643 


.6448 


1.27 


.9551 


.2963 


.88 


.7707 


.6372 


1.26 


.9580 


.2667 


.89 


.7771 


.6294 


1.29 


.9608 


.2771 


.90 


.7833 


.6216 


1.30 


.9636 


.2675 


.91 


.789^ 


.6137 








.92 


.7956 


.6058 


1.32 


.9687 


.2482 


.93 


.8016 


.5978 


1.33 


.9711 


.2385 


.9^ 




.5898 


1.34 


.9735 


.2288 


.^^ 


.8134 


.5817 


1.35 


.9757 


.2190 


• 


8IQP 






Q770 




.91 


.821*9 


.5653 


1.37 


.9199 


.1994 


.98 


.8305 


.5570 


1.38 


.9819 


.1896 


.99 


.8360 


.5487 


1.39 


.9837 


.1798 


1.00 


.8415 


.5403 


1.40 


.9854 


.1700 


1 01 


.8468 




1 41 


Qfi71 




1. ' 


.'8521 


.5234 


1.42 


.9887 


.1502 


1.03 


.8573 


.5148 


1.43 


.9901 


.1403 


1.01+ 


.8624 


.5062 


1.44 


.9915 


.1304 


1.05 


.8674 


.4976 


1.45 


.9927 


.1205 


1 Qti 


8724 


48aQ 






. Xxvn3 


1.07 


.8772 


.4801 


1.47 


.9949 


.1006 




.8820 


.4713 


1.48 


.9959 


.0907 


l.O) 


.8866 


.4625 


1.49 


.9967 


.0807 


1.10 


.8912 


.^536 


1.50 


.9975 


.0707 


1.11 


.8';57 


.4447 


1.51 


.9982 


.0608 


1.12 


.9001 


.4357 


1.52 


.9987 


.0508 
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